We study the Schouten-van Kampen connection associated to a Sasakian structure. With the help of the Schouten-van Kampen connection we characterize sasakian manifolds and find certain curvature properties of this connection on Sasakian manifolds. Also we study Ricci solitons on a Sasakian manifold with respect to the Schouten-van Kampen connection. Finally, an illustrative example is given to verify some results.
Introduction
The Schouten-van Kampen connection have been introduced in the third decade of last century for a study of non-holomorphic manifolds [3, 4] . In 2006 Bejancu [5] study Schouten-van Kampen connection on Foliated manifolds. Recently Olszak [9] study Schouten-van Kampen connection on almost(para) contact metric structure and prove some interesting results. In 1960 Sasakian manifolds introduced by Sasaki [6] , can be descibed as an odd-dimensional counterpart of Kähler manifolds. The notion of local symmetry of a Riemannian manifolds began with the work of Cartan [10] . The notion of locally symmetry of a Riemannian manifold has been weakend by many authers in several directions. As a weaker version of locally symmetry, in 1977 Takahashi [11] introduced the notion of local φ-symmetry on a Sasakian manifold. In this paper we are interested to study Schouten-van Kampen connection and find certain curvature properties of this connection on Sasakian manifold. A Sasakian manifold is said to be η-Einstein if
where S is the Ricci tensor of type (0, 2) and a, b are smooth function. It is known that [2] in an η-Einstein Sasakian manifold the associated scalars are constant.
A transformation of a (2n + 1)-dimensional Riemannian manifold M , which transforms every geodesic circle of M into a geodesic circle, is called a concircular transformation ( [27] , [28] ). A Concircular transformation is always a conformal transformation [28] . Here geodesic circle means a curve in M whose first curvature is constant and second curvature is identically zero. Thus the geometry of concircular transformation that is the concircular geometry, is generalisation of inversive geometry in the sense that the change of metric is more general than that induced by a circle preserving diffeomorphism [29] . An interesting invariant of a concircular transformation is the concircular curvature tensor Z with respect to the Levi-Civita connection. It is defined by ( [28] , [29] ) 
2)
for all differentiable vector fields X, Y, Z on the manifold, then the manifold is called φ-conformally flat.
In an analogous way we define ξ-concircularly flat and φ-concircularly flat Sasakian manifolds.
A Ricci soliton is a generalization of an Einstein metric. In a Riemannian manifold (M, g), g is called a Ricci soliton if ( [23] , [18] )
where £ is the Lie derivative, S is the Ricci tensor, V is a complete vector field on M and λ is a constant. The Ricci soliton is said to be shrinking, steady and expanding according as λ is negative, zero and positive respectively. For more details we refer to the reader ( [24] , [25] ). Motivated by the above studies we study Sasakian manifolds admitting Schoten-van Kampen connection in the present paper.
This article is arranged as follows: Section 2 is a review of all the necessary background in Sasakian manifolds. In section 3, we obtain the expressions of the curvature tensor and Ricci tensorR andS with respect to the Schouten-van Kampen connection and then prove some results. Section 4 covers locally symmetric Sasakian manifolds with respect to the Schouten-van Kampen connection. Section 5 deals with φ-sectional curvature admitting Schouten-van Kampen connection. Section 6, is devoted to study Ricci semisymmetric Sasakian manifolds and we prove that locally φ-Ricci symmetry with respect to∇ and ∇ are equivalent. Next it is shown that a Sasakian manifold admitting Schoten-van Kampen connection is ξ-concircularly flat if and only if the scalar curvature of the manifold vanishes. In this section we also prove that a Sasakian manifold admitting Schouten-van Kampen connection is ξ-concircularly flat if and only if the manifold is an η-Einstein manifold with respect to the Levi-Civita connection. Next in section 8, we prove that if a Sasakian manifold admits Ricci soliton with respect to the Schouten-van Kampen connection then the manifold is an η-Einstein manifold and the Ricci soliton is shrinking, steady or expanding according as r > 0, r = 0 or r < 0. Finaly, we construct an example of a 5-dimensional Sasakian manifold admitting Schouten-van Kampen connection to veryfy some results.
Sasakian manifolds
Let M be a (2n+1)-dimensional Sasakian manifold with the structure (φ, ξ, η, g), where φ is a (1, 1) tensor field, ξ is a vector field, η is 1-form and g is a Riemannian metric.Then the following relations hold ( [1], [7] , [12] , [13] )
for all vectors field X, Y .
for all vectors field X, Y , where ∇ is the Levi-Civita connection of the Riemannian metric. From the above equation it follows that
Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator Q satisfy ( [8] , [15] , [22] )
Sasakian manifolds have been studied many author such as Boyer [7] , Tachibana [8] , Tanno [14] , Godliński et al [30] , De et al [19] , Mihai et al ( [20] , [21] ) and many others.
Curvature tensor and Ricci tensor with respect to the Schouten-van Kampen connection
The Schouten-van Kampen connection∇ is given by [9] ,
for any X, Y tangent to M . With the help of (2.5) and (2.6) , the above equation takes the form,
Putting Y = ξ in (3.2) and using (2.1) we havē
Using (2.7) and putting Z = ξ in (3.5) we get
Taking inner product with W of (3.5),
Let {e 1 , e 2 , e 3 , ..., e 2n+1 } be a local orthonormal basis of the tangent space at a point of the manifold M . Then by putting X = W = e i in (3.6) and taking summation over i, 1 i (2n + 1), we obtain
whereS and S are the Ricci tensor of M with respect to∇ and ∇ respectively. Letr and r denote the scalar curvature of M with respect to∇ and ∇ respectively. Let {e 1 , e 2 , e 3 , ..., e 2n+1 } be a local orthonormal basis of the tangent space at a point of the manifold M . Then by putting Y = Z = e i in (3.7) and taking summation over i, 1 i (2n + 1), we havē r = r.
(3.8)
Therefore we can state the following:
Proposition 3.1. For a Sasakian manifold M admitting Schouten-van Kampen connection∇ (i) The curvature tensorR of∇ is given by (3.5), (ii) The Ricci tensorS of∇ is given by (3.7), (iii) The scalar curvaturer of∇ is given by (3.8),
The Ricci tensorS is symmetric.
Now suppose that the Sasakian manifold is Ricci flat with respect to the Schoutenvan Kampen connection. Then from (3.7) we get
This leads to the following: 
Locally symmetreic Sasakian manifolds with respect to the Schouten-van Kampen connection
In this section, we consider locally symmetric Sasakian manifolds with respect to the Schouten-van Kampen connection∇. We have the following theorem: This completes the proof. ✷
φ-sectional curvature of Sasakian manifolds admitting Schouten-van Kampen connection
A plane section in M is called a φ-section if there exists a unit vector X in M orthogonal to ξ such that {X, φX} is an orthonomal basis of the plane section. Then the sectional curvature K(X, φX) = g(R(X, φX)φX, X) is called a φ-sectional curvature [1] . Putting Y = Z = φX and W = X in (3.6) we get g(R(X, φX)φX, X) = g(R(X, φX)φX, X) − g(φX, φ 2 X)g(φX, X)
With the help of (2.1) and (5.1) we obtain g(R(X, φX)φX, X) = g(R(X, φX)φX, X) + [g(X, X)] 2 .
Thus we can state the following:
Theorem 5.1. If the φ-sectional curvature of a Sasakian manifold is a constant c with respect to the Levi-Civita connection, then the φ-sectional curvature of the manifold with respect to the Schouten-van Kampen connection is (c + 1).
Locally φ-Ricci symmetry
E. Boeckx, P. Buecken and L. Vanhecke [16] introduced the notion of φ-symmetry. In 2008, De and Sarkar [17] studied φ-Ricci symmetric Sasakian manifolds. Recently Ghosh [26] studied φ-Ricci symmetric almost Kenmotsu manifolds with nullity distribution. A Sasakian manifold M 2n+1 is said to be φ-Ricci symmetric if the Ricci operator satisfies φ 2 ((∇ X Q)Y ) = 0 for all vector fields X, Y in M and S(X, Y ) = g(QX, Y ). If X, Y are orthogonal to ξ, then the manifold is said to be locally φ-Ricci symmetric. From (3.7) we can writē
Using (3.1) and (6.1) in (6.2) the we get
Again using (2.6), (3.1) and (6.1) in (6.3) we get
Considering X, Y, Z orthogonal to ξ and using (2.1), (3.1) from equation (6.4) it follows that
Thus we have the following: In this section we study ξ-Concircularly flat Sasakian manifolds and φ-Concircularly flat Sasakian manifolds admitting Schouten-van Kampen connection. Using (1.1) and (3.1) we obtain
Putting Z = ξ , the above equation yields
This leads to the following: .
Thus we have the following: Let g be the Riemannian metric defined by g(e i , e j ) = 0, i = j, i, j = 1, 2, 3, 4, 5 and g(e 1 , e 1 ) = g(e 2 , e 2 ) = g(e 3 , e 3 ) = g(e 4 , e 4 ) = g(e 5 , e 5 ) = 1. Let η be the 1-form defined by η(Z) = g(Z, e 3 ), for any Z ∈ χ(M ), where χ(M ) is the set of all differentiable vector fields on M . Let φ be the (1, 1)-tensor field defined by φe 1 = e 2 , φe 2 = −e 1 , φe 3 = 0, φe 4 = −e 5 , φe 5 = e 4 . Using the linearity of φ and g, we have η(e 3 ) = 1, φ 2 Z = −Z + η(Z)e 5 and g(φZ, φU ) = g(Z, U ) − η(Z)η(U ), for any U, Z ∈ χ(M ). Thus, for e 3 = ξ, M (φ, ξ, η, g) defines an almost contact metric manifold. Also we have [e 1 , e 2 ] = 2e 3 , [e 4 , e 5 ] = −2e 3 and [e i , e j ] = 0 for others i, j. The Levi-Civita connection ∇ of the metric tensor g is given by Koszul's formula which is given by Taking e 3 = ξ and using Koszul's formula we get the following ∇ e1 e 1 = 0, ∇ e1 e 2 = e 3 , ∇ e1 e 3 = −e 2 , ∇ e1 e 4 = 0, ∇ e1 e 5 = 0, ∇ e2 e 1 = −e 3 , ∇ e2 e 2 = 0, ∇ e2 e 3 = e 1 , ∇ e2 e 4 = 0, ∇ e2 e 5 = 0, ∇ e3 e 1 = −e 2 , ∇ e3 e 2 = e 1 , ∇ e3 e 3 = 0, ∇ e3 e 4 = e 5 , ∇ e3 e 5 = −e 4 , ∇ e4 e 1 = 0, ∇ e4 e 2 = 0, ∇ e4 e 3 = e 5 , ∇ e4 e 4 = 0, ∇ e4 e 5 = −e 3 , ∇ e5 e 1 = ∇ e5 e 2 = 0, ∇ e5 e 3 = −e 4 , ∇ e5 e 4 = −e 3 , ∇ e5 e 5 = 0. From the above results we see that (φ, ξ, η, g) structure satisfies the formula
where η(e 3 ) = 1. Hence M (φ, ξ, η, g) is a 5-dimensional Sasakian manifold. Using the above relation in (3.2), we obtain ∇ e1 e 1 = 0,∇ e1 e 2 = e 3 ,∇ e1 e 3 =∇ e1 e 4 =∇ e1 e 5 = 0, ∇ e2 e 1 =∇ e2 e 2 =∇ e2 e 3 =∇ e2 e 4 =∇ e2 e 5 = 0, ∇ e3 e 1 = −e 2 ,∇ e3 e 2 = e 1 ,∇ e3 e 3 =∇ e3 e 4 = 0,∇ e3 e 5 = −e 4 , ∇ e4 e 1 =∇ e4 e 2 =∇ e4 e 3 =∇ e4 e 4 =∇ e4 e 5 = 0, ∇ e5 e 1 =∇ e5 e 2 =∇ e5 e 3 =∇ e5 e 4 =∇ e5 e 5 = 0. By the above results, we can easily obtain the non-vanishing components of the curvature tensor with respect to the Levi-Civita connection are as follows:
